A method for analyzing in the frequency domain the performance of linear networks containing nonlinear resistors. This method is applied to the evaluation of the frequency performance of a reactively terminated mixer.
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Technical Note
Frequency Domain Analysis of a Class of Nonlinear Networks FREQUENCY DOMAIN ANALYSIS OF A CLASS OF NONLINEAR NETWORKS
The evaluation of the frequency performance of networks containing nonlinear devices is normally very involved. This report describes a procedure by which the frequency domain performance of networks containing devices that may be represented as nonlinear resistors can be evaluated with any desired accuracy. Since only general statements can be made about the application of this method to the whole class of networks considered, the detailed analysis of a balanced mixer, together with its frequency selective terminations, is presented as an example.
The Problem
The general problem considered is a network containing nonlinear resistors controlled by one or more independent voltages and/or currents embedded in a linear-frequency invariant network ( Fig. 1) . Also, ports 1 and 2 are assumed to be the input and output ports of a 2-por1 N (dashed lines, Fig. i) . Later, the problem of embedding N in a general linear network including reactive elements is considered. 
Some Theoretical Considerations
The nonlinear resistors are assumed to be monotonic and representable, over the frequency band of interest, by some curve or family of curves (Fig. 2) . The single curve type [i.e., l-'ie.2(al| will be a two-terminal device (e.g., a diode). If the device possesses three terminals, witli one used in the fashion of a grid on a triode or gate on an FET, the multiple curve type description [Fig. 2(b) ] is necessary. By analogy this scheme can be extended to cover more control parameters. The currents flowing through the nonlinear resistors will be referred to as f. (vl, l\(v,,v (R s C + A) v + (R D + B) f(v) (1) where V is an n x 1 column vector, v and f (v) are m x 1 column vectors and R is an n x n S ~~ ' s diagonal matrix with resistor I? -in the i x i position (for i = i, 2. . . n).
If three-terminal nonlinear devices are now considered as well, then for each such device wherever there was one output port in Fig. 3 there will now be two. This scheme is illustrated in Fig. 4 . It is assumed that no current flows into the control port. This can obviously be done with no loss in generality by merely assuming the resistance (if any) across this port as being to define R..
I
So for any given vector, V , each nonlinear-element can be replaced by its corresponding value, R.. In effect, for' each value of V the entire network can be replaced bv a purelv positive l s r linear network. If we consider the 2-port N ( Fig. 1 ) and assume that all its Y . are on ports other than 1 and 2, then for each value of V one can write down anv of the 2-pori matrices bv s . r-. as V is changed to some new value, the h-parameters will also change. This dependence is implied by the notation used in Eq. (2).
So far it lias been assumed that the elements of V are DC voltages. But the main aim of s * this paper is to investigate the frequency performance of the networks considered. The foregoing discussion can be applied to this aim in the following manner. Assume that each of the voltages in V is some sinusoidally varying signal. The frequency of each of these voltages used need not be the same. It will, however, be assumed that the magnitude of one V . is far-larger si were dominant the periodicity of the h-parameters could well become indeterminate, at least in a general case. In many practical networks the assumption that one drive is dominant as far as the nonlinear-ities are concerned is founded. The example to be considered will illustrate this.
At this stage, cases have to be considered on an individual basis, especially if the dominance of only one Y . can no longer be assumed. In this case, each of the four-h. parameters can be ex- 
i=0
So the problem posed at the beginning has now been reduced to a 2-port problem with a set of h-parameters given in Kq. (3). The amplitudes and fundamental frequency of these parameters is determined by V . A number of other Y . may also be present. It has to be noted that an\ so si
I K
>ltage supplies can also be represented by a V These DC voltages may be any require magnitude, comparable or even greater than \ , since they will not introduce a periodic variat ion.
Kig. 6. The 2-port N shown in Fig. 1 with source and load terminations.
In the most general case, the 2-port considered will be supplied by some voltage \ at I're quencv f (Kig. 6) on port 1 and work into some load 1!. . The voltages and currents on the two sides of the network will have frequency components at (f ± kf ) for -•*> ^ k <j *, so denoting -i ' 21,i l,n-i l,n + i 22,I 2,n-i 2.n-*i '
Since -°" < n< °° and -°°< k^ °°, Eqs. (7) and (8) define a 2n x 2k matrix with both dimensions stretching from -°° to + °°. In every practical case the coefficients II , . will decrease as •) + H.
• ,(I. , + I, ,,) l,n ll,o1,n 11,1 l,n-l l,n-tl 11.2 l,n-2 l,n+2
2,n-2 2,n + 2 12,3 2,n-3 2,n*2 Equation (8) 
Since the number of voltages and currents must be the same, only the portions of the matrices and column vectors inside the dashed lines need be considered. Equation (8) Xi.""
Each of the H-parameters is an n x n matrix of constants, thus PJq.(ll) describes the h-matrix of a linear 2 port with n input and n output ports, however, since each V. , etc., is associated with one specific frequency, (his 2 port differs fundamentally from a conventional linear network in that each port is associated with a distinct frequency different from all the others. computed using simply linear methods. Thus, for example, if the power transfer between input "> port 1 and output port i is required, this will be given by the | S. . | where S. . is tho 1, i en-* o try in the scattering matrix of network N . As far as the original 2-port N is concerned, |S . | defines the power transfer from port 1 at frequency f. . to port 2 at frequency f ? .. Any other parameters may be evaluated in a similar manner.
To recap, given a 2-port N containing nonlinear resistors, find the time performance of its h-parameters (or any other set for that matter), expand these in a Fourier series, collect the dominant coefficients to form Eq. (11) and the nonlinear 2-port problem is reduced to an equivalent linear 2n-port problem. For example;
The Balanced Ring Mixer Problem: Investigate the frequency performance of the balanced mixer ( Fig. 8 ) and determine the characteristics of matching networks placed on the input and output ports (networks N, and N ? ), which will give the smallest insertion loss between the signals at source frequency and the required output frequency.
Let the RF signal at angular frequency u be applied to port 1, the LO signal to port 3, and let port 2 be the output port at which the IF' signal at angular frequency (a; -ui ) is extracted.
The 3-coil t transformers are assumed to be frequency invariant over the band of interest. Assuming the IX) drive is dominant (this is a very fair assumption in the case) it will be found on inspect ion that
This simplifies matters very much since none of the interpolation procedures described at the beginning need be used. It is also assumed that the diodes are matched, atid hence, have essentially the same V-I characteristics. These will be taken to be of the form shown in Fig. i (iti.
With this assumption and the V drive as shown in Fig. 9 (b), the resultant diode resistance per-K so h ' formance against time will very nearly be that shown in Fig. 9(c) . An additional degree of sophist i cat ion is added in Fig. 9 (c) by assuming the rise and fall times are unequal. From Kq. (121 it follows that diodes 1). and I), will have a resistance waveform of the type shown in Fig. 9 (c).
I .et this resistance be denoted by R(t). The resistances of diodes I), and I), will have the same • 3 4 shape as R(t), however, they will be shifted by 180° with respect to R(t). For this reason these impedances will be referred to as R_(1). By a straightforward Fourier analysis of Fig. 9 (c), it follows that
k(n) This is a trapezoidal wave of ±\ magnitude. It should be noted that if 6a fib 0, k(n) 1, then for all n and t(t) reduces to
which is the Fourier expansion of a square wave varying between +1 and -1.
An equivalent derivation on a conductance basis, assuming the two diode slopes to be (I. and G f gives
G (t) and G (t) are defined in the same fashion as H (t I and H (t).
Assuming the instantaneous resistances (conductances) of the four diodes in Fig. 8 to be, respectively, R ., R,, R,, R . (G., G,, G,, G.) then the instanteous h-matrix between ports 1 and 2 is given by
IV
but R. = R -R + (t) and R = R -R_(t), or vice versa.
A similar set of relations holds for the Y parameters. Ising Kqs. (13), (16) and (17 l:
It is interesting to note, that h.. and h,, reduce to time invariant immittanccs. I sing i (i ) h 11 22 h in the form given in Kq (14a)
Equation (19) completely defines all parameters in the 2n-port H-matrix. Table I gives a number of ratios for k(n). In each instance the rise and fall times have been assumed equal (i.e., fi 6. ). ll should be noted that the fundamental component (i.e., n 1 I in each of the case a b r considered is very close to unity, and as n increases k(n) departs from unity. So the higher order harmonics arc attenuated to a larger degree than the fundamental. This fact will actually aid the mixer design. .More will be said about this when the numerical results of this example are discussed. 
I?.
The frequency associated with any one port is determined by the voltage (or-current suffix) thus Y. . is at a frequency u> + iw , etc. So from Kq. (21) it follows that components at even 1,1 So multiples of the angular frequency co on the output ports will produce components at odd multiples of w at the input ports and vice versa. From Fig. 8 it can be seen on inspection that the input voltage components will contain the voltage V .
(i.e.. at ui ), so there will be a current component 1, This will result in only odd suffix voltages and currents on the output ports, which in turn will produce only even suffix voltages and currents on the input ports. As a result, only even harmonics of to will be present on the input ports and only odd harmonics on the outtor 1 odd put ports. This has an important consequence because it implies that all \ . , I .
and V" ., I, . for 1 even, will have zero amplitude. So two of the input ports and three of the 2,i 2.1 * ' ' output ports of the 10 ports are, for practical purposes, nonexistent. So they may be ignored.
Since the mixer will be used (in this example) as a down converter, the component Y , is the required output. So from equations of the type given in Eq. (21) 
where each of matrices A., B., etc., is a diagonal matrix with entries A, , A, ,, etc., for If it is now assumed that the load and source resistors R and R. are equal, and that R si, t R. = 1, then the scattering matrix parameters of the augmented network is given b\ -1 S.. = y-2x(C+D)xA 
lias the property that , 2 Power delivered to output port 1 '16' Max. available power-at input port 1
Power delivered to frequency (w -*' .)
Max. available power' at source frequency -L (281
In similar-fashion all the other is.. arc ratios of the powers delivered in i he (requeue \ al
port j to (he maximum available power-from the source. So an evaluation of the s. . permits a computation of how much power goes into each of the frequencies present on both sides of the mixer. Also, the input impedance Z at the j port:
So from a knowledge of the s.., the input impedances on both sides of the mixer at all the frequencies are available. Using the above mathematical background, a computer program has been written to evaluate these power and impedance distributions.
MODCAP
Based on the mathematical background described, a Fortran program was written to analyze the performance of a modulator connected between two general filters, hence the name MODCAP for MODulator Circuit Analysis Program. The MODCAP program appears at the back of this report.
The purpose of the program is to evaluate the power transfer ratio from the input port at input angular frequency u to the power at all the other frequencies assumed present at both ports. For example, if the strongest five harmonics at the input and output ports are considered, the situation depicted in Fig. 10 ensues. The program will evaluate the power transfer (as a ratio in dB) between input port 1 and any of the remaining nine ports. It will also evaluate the input impedances at the input and output ports at all the frequencies considered. Further, the program will evaluate the amount of change induced in the power transfer ratios and impedances if some element or elements constituting the network change by a specified amount. All of these calculations can be carried out in three different modes:
1. A single frequency is specified in the data for the input and local oscillator drive. 2. A band of input frequencies around some nominal value is specified together with a single local oscillator frequency. In this case, the output frequencies are also grouped in bands. 3. The input frequency extends over a band and a single local oscillator frequency is chosen to be a single frequency. The program will automatically change the nominal local oscillator frequency for each frequency in the input band such that a specified single output frequency results.
In each case the program evaluates the harmonics automatically at single frequencies or in frequency bands depending on the mode used. In its present form, due to storage limitations, the program has these maximum values:
1. The filters terminating the mixer on each side must have no more than 10 nodes and contain only two or three terminal elements. For ten nodes there can only be three terminal elements. 2. The maximum number of harmonics on each side of the mixer cannot exceed 10. 3. The same number of harmonics always have to be considered on each of the two ports. 4. If frequency bands around each harmonic are used, they can contain no more than 21 frequencies. 5. If effects of one or more element changes are investigated, only 42 sets of variations can be accommodated.
All of these constraints can be overridden by appropriate dimensioning.
1.,
Data is entered via a subroutine. Data for a typical case are shown in the MODCAP input data (program) at the end of this report where:
M specifies the number of frequencies in each harmonic band. N is the number of harmonics including the fundamental considered on each side. HINOD (a) is where a = 1 and 2 for the highest node numbers in network 1 and 2, respectively. RISE is the fractional rise time of switching wave shape (6 /T) (Fig. 9c) . FALL is the fractional fall time of switching wave shape (6,/T) (Fig.9e) . RT is the magnitude of source and load resistor. If unequal terminations are required transformers have to be included in networks 1 or 2. X(a, i, j) is element X(L, R or C) of network a(l or 2) appearing between nodes i and j. The units are Henries, Ohms and Farads and the values are entered in floating point form, e.g., L(l, 3, 5) = 5.86E-6 in network 1. The inductor appearing between nodes 3 and 5 has a value of 5.86 (j.H.
If 3-terminal devices (e.g., transformers) appear in either of the terminating networks, their presence and location is described as follows:
Each device is assigned a consecutive number. Their input node is labelled El, the output node E2 and the common node E3. The network number and device are in brackets:
This notation tells the computer that in network 2 the input node of 3-terminal device 1 is connected to the node labelled 1. The output node of device 1 in network 2 is connected to node ? and the common node of device 1 in network 2 is connected to node 4. This describes the location of device 1 in network 2. The electrical parameters of 3-terminal devices are specified by their H-matrix. All four II-parameters must be frequency independent. Hll and 1122 are in units of Ohms and Mhos, respectively; the remaining two are dimensioi.iess. All magnitudes are again specified in floating point form. For example, Hll(2, 1) = 0.5EO means that Hll of device 1 in network 2 is 0.5 Ohms.
If frequency bands are used these are entered as FR(i) = value where i = 1,2.... M. If the frequencies are equally spaced they can be entered by specifying the first frequency FR(1) = 'value', the increment DR(2) = 'value' and the last frequency FR(7) = 'value'. Frequencies can be entered sequentially or with increments or a combination of both. There may be as many increments as necessary, but the total number of frequencies cannot exceed 21.
FLON is the nominal local oscillator frequency. FIFN is the nominal output frequency. This is 0.0 for modes 1 and 2 and assumes some non-zero value only for mode 3.
This completes the nominal data input. If no variations are required, a RETURN card follows FIFN and then 'i CONTINUE' cards where i = 1, 2. . . 42. After 42 CONTINUE, a STOP and an END card completes the data input.
If variations are required, the 2 CONTINUE card follows the RETURN card. A 'VAR -1' card is inserted next. Following is the first set of variations. Thus NEWR(1, 1,5) = 0.607EO means that the old value of the resistor in network 1 between nodes 1 and 5 assumes the new value of 0.607 Ohms. At the end of the first set of variations a RETURN card has to be inserted. If there is more than one variation, the procedure is repeated with VAR = 2, etc.
NOTE:
The nodes in the two terminating networks have to be labelled as follows: the input node has to be node 1, the output node is labelled 2, internal nodes are labelled arbitrarily, and the highest node number is assigned to the common ground node. 
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